The Berezinskii-Kosterlitz-Thouless (BKT) transition is expected to have a clear signature on the specific heat. The singularity at the transition temperature TBKT is predicted to be immeasurable, and a broad non-universal peak is expected at T > TBKT . Up to date this has not been observed in two-dimensional superconductors. We use a unique highly sensitive technique to measure the specific heat of ultrathin Pb films. We find that thick films exhibit a specific heat jump at TC that is consistent with BCS theory. As the film thickness is reduced below the superconducting coherence length and the systems enters the 2D limit the specific heat reveals BKT-like behavior. We discuss these observations in the framework of the continuous BCS-BKT crossover as a function of film thickness.
Within the 2D XY model, a second order phase transition cannot take place due to lack of long range phase coherence and the dominance of phase fluctuations (Goldstone modes). Nevertheless, FBerezinskii and KosterlitzThouless (BKT) [1, 2] showed that a low-temperature quasi-ordered phase of bound vortex pairs exists leading to an infinite order phase-transition from bound vortexantivortex pairs at low temperatures to unpaired vortices above the BKT critical temperature T BKT . From the thermodynamic point of view BKT theory predicts that the specific heat, c p , is characterized by an immeasurable essential singularity at T = T BKT and a non-universal peak at T > T BKT associated with the liberation of entropy due to the unbounding of vortex-antivortex pairs [3] . Work on this transition led to the 2016 Nobel Prize in Physics being awarded to Kosterlitz and Thouless. A paradigmatic system in which the BKT transition may be expected is a 2D superconducting film. Evidences for the BKT physics have been reported in transport measurements via analysis of the I-V characteristics or by studying the perpendicular magnetoresistance curves [4] [5] [6] [7] . However up to date there have been no experimental thermodynamic signatures of this transition especially concerning 2D superconducting films. This requires a highly sensitive thermal experiment which is able to resolve the specific heat of ultrathin films in the limit of 2D superconductivity [8] [9] [10] .
Here we report on specific heat, c p , measurements performed on ultrathin superconducting films. We utilize a unique experimental setup based on a suspended silicone membrane substrate that enables to measure c p of Pb films with thicknesses ranging from 1.2 nm to 56 nm. We show that the thicker films can be well described by the BCS theory for strong coupled superconductors. In particular, they exhibit a specific heat jump at the critical temperature, T C , characteristic of the second order phase transition. Much thinner films, on the other hand, do not posses a measurable jump at T C but are rather
FIG. 1: (a)
. The quench condensation set-up consists of evaporation baskets used for growing sequential continuous Pb layers, the substrate being held at cryogenic temperatures and in UHV conditions. (b) and (c), the suspended membrane acting as the thermal cell contains a copper meander, used as a heater, and a niobium nitride strip, used as a thermometer. These are lithographically fabricated close to the two edges of the active thermal sensor. The quench-condensed films are evaporated through a shadow mask which, together with the measurement leads, defines its geometry.
characterized by a broad c p peak at T > T C indicating the presence of an excess of entropy. These results are interpreted as thermodynamic signatures for a BCS-BKT crossover as a function of film thickness.
The samples used in this work were sets of ultrathin Pb films having different thickness obtained by the quench condensation technique [11] [12] [13] [14] [15] i.e. sequential evaporations of ultrathin films on a cryogenically cooled sub-strate without thermal cycling to room temperature or exposing the film to atmosphere (see Fig. 1(a) and Supplemental Materials [16] ). This allows in-situ sequential depositions under UHV conditions and simultaneous transport and thermal measurements on a single sample. Due to its unique advantages, this experimental method allows the study of the thermodynamic properties of the superconducting transition in ultra-thin layers as a function of thickness .
The Pb thin films were evaporated layer by layer onto a calorimetric membrane sensor, after the deposition of an adhesion layer (0.5 nm of Sb) favoring the continuity of the superconducting films. The thermal sensor was composed of a thin silicon membrane with a thickness of about 5 µm, suspended by 12 arms for mechanical support as well as for electrical connections to the heater, thermometer and the evaporated sample on the membrane [17] (see Fig. 1(b) and (c) ). Using this setup we were able to measure simultaneously the resistance per square R sq using four probe techniques and the heat capacity, C p .
The heat capacity was measured using an ac calorimetry technique, with sensitivity of a few tens of attoJoule per Kelvin [8] [9] [10] , of 22 sequential layers of Pb. The parameters of all layers are summarized in the table of the Supplementary Materials [16] , where more details of the experiment can be found. Fig. 2 (a) shows resistance versus temperature curves of a set of quench condensed Pb films with thicknesses ranging between 1.2 and 56 nm. From these measurements, we extracted the critical temperature, T Cres , defined as the temperature at which resistance dropped to 10% of its value at T = 10 K. T Cres increased monotonically with increasing thickness of the lead layer, t. Our thinnest film (t = 1.22 nm) exhibited T Cres = 2.15 K while films with t ≥ 12 nm had critical temperatures close to that of bulk Pb T Cbulk = 7.2 K. These values are in agreement with previous studies on ultrathin quench condensed Pb films [14] . The heat capacity (C p ) measurements of the same films are shown in Fig. 2(b) , they are obtained after subtraction of the membrane heat capacity (Si, heater and thermometer, see Supplemental Materials [16] ).
The heat capacity of a metallic sample is expected to follow the well known form:
where γ and β stand for the electron and phonon heat capacities coefficients respectively. For this reason the data is plotted as C p /T versus T 2 resulting in a linear normalstate curve above T C . The heat capacity increased with film thickness and at high enough thickness, t ≥ 9 nm (stage 18 and above), we observed a C p jump associated with the superconductor second order phase transition. The temperature position of the jump is consistent with the slight decrease of T Cres with decreasing thickness in this regime (see Fig. 2(a) ). The amplitude of the jump, ∆C p , decreases with decreasing thickness until for t ≤ 9 nm the jump becomes immeasurable, smaller than the noise. We note, however, that even for the thickest film (layer 22, t = 55.9 nm) the ratio between the jump amplitude and the normal state heat capacity C p at T C , ∆C p /C n (T c ) = 0.0445 is much smaller than the expected BCS value of 1.4 obtained for bulk Pb for instance [? ] . Like for Nb [? ] and Al [18] , this indicates that the heat capacity of amorphous Pb films is largely dominated by the phonon contribution.
In order to focus only on the contribution to the heat capacity from electrons in the superconducting state C es we subtract the normal state C p , extracted from the linear slope in T 2 above T Cbulk = 7.2 K, from each respec- [16] ). This is in stark contrast to results obtained on granular Pb films [10] for which ∆c p was found to be larger than the bulk value by up to a factor of eight. As the film is thinned, ∆c p becomes immeasurable and an excess specific heat peak emerges with a temperature region that extends up to T Cbulk = 7.2 K. These results are consistent with a crossover from 3D BCS physics, characterized by T c = 7.2 K, and to 2D BKT physics with T BKT ≈ 2 K for the thinnest films while the intermediate layers show a mixture of both.
The representation shown in Fig. 4 highlights the importance of the broad peaks which become more significant as the thickness of the layer is reduced. The magnitude of this peak increases sharply for t ≤ 10 nm and saturates for t ≤ 5 nm as depicted in Fig. 4(c) . This saturation of the specific heat peak amplitude for thicknesses below 5 nm is consistent with the superconducting film becoming 2D. The superconducting dirty limit coherence length, ξ , of the amorphous Pb is given by √ ξ 0 l where ξ 0 is the clean limit coherence length (80 nm for Pb) and l is the mean free path which for our samples is 0.3 nm [19] . This yields ξ = 4.9 nm. Hence, the excess specific heat bump reaches its full amplitude as the film thickness becomes comparable to the coherence length.
It should be noted that the amplitude of the specific heat peak at T > T BKT is much larger than what could be naively expected if each vortex degrees of freedom contributes 2k B to C p [3] . Assuming a single vortex per coherence length, ξ , the measured peak amplitude is close to two orders of magnitude larger than the expected value.
A point to consider is related to the sample dimensionality. The electronic heat capacity includes contributions both from quasiparticles and from vortices. For quasiparticle the system has to be treated as 3D, and the specific heat should be obtained by dividing the heat capacity by the layer thickness (or by the mass). The vortices, on the other hand, should organize in a 2D plane once t < ξ , and hence the vortex contribution to heat capacity is not expected to change with growing thickness. In this respect, it is interesting to compare Fig. 3(a) , which is representative of a 2D treatment, and Fig. 4(a) , which highlights 3D physics. One could expect that the heat capacity peak amplitude, C max es in Fig. 3(a) would not change with thickness for thin films. It should be noted, however, that ultrathin superconducting films have been shown to be characterized by "emergent electronic granularity" i.e. superconducting puddles embedded in an insulating matrix [20] [21] [22] [23] [24] . These puddles may have different sizes and thus a spread of critical temperatures [25] . This may be the reason why the specific heat in the thinnest films does not posses a jump at T C similar to the one observed in granular Pb samples where each grain is large enough to sustain bulk superconductivity [10] . Thin enough layers may actually not achieve full coverage of the substrate, both morphologically and electronically. Increasing the thickness of film may increase the area of superconducting regions leading to increase the vortex contribution to heat capacity even in the 2D limit.
In summary, we have successfully performed specific heat measurements on Pb films as thin as 1.2 nm having a mass as small as few tens of nanograms. We have shown that for the thicker films the specific heat jump is well described by the BCS model for strong coupled superconductivity. For the thinner films, a broad peak in c p is observed without any measurable jump at the resistive critical temperature. These are quantitatively consistent with the BKT predictions in the limit of ultrathin uniform superconducting films. Since the details of the specific heat versus temperature curves are predicted to be non-universal and are system dependent, we are not able to compare our results to a quantitative model. Nevertheless, the amplitude of the specific heat signal is larger than expected from a naive estimation.
We are grateful for useful discussions with M. The calorimeter is wire-bonded to a sample holder that is mounted on the quenchcondensation system, a vacuum chamber immersed in liquid Helium and cooled to T = 2 K.
The sequential evaporations of Pb layers are carried out through a mechanical mask defining a window of 1.14 mm×3.09 mm on the membrane, while temperature on the sample holder is regulated at 10 K during the material growth.
S2. Heat capacity measurement technique
The heat capacity measurement has been performed using the ac-calorimetry technique,
in which an ac current with frequency f is applied to the heater, leading to the oscillation of the membrane temperature at the second harmonic 2f with amplitude of δT ac . Measuring the temperature oscillation enables us to extract the heat capacity using the equation:
with P ac is the Joule heating power dissipated in the heater.
Prior to the first deposition, the heat capacity of the bare calorimeter (without sample)
is measured in the temperature range from 2 K to 8 K. This was taken as a background (refereed to by sample ). For each evaporation of Pb, we give the mass, the heat capacity C p at 7.5 K, the thickness t, the heat capacity jump ∆C p at T c , the specific heat jump ∆c p at T c , the resistance per square R sq and the T c and the entropy of the superconducting electron S 7K at 7 K extracted from the heat capacity measurements. Cres based on previous publication [1] . All the experimental extracted from the C p measurement
S3. Specific heat components
The total specific heat has at least two components a phonon and an electron contributions. For this work, only matters the electronic contribution in the superconducting state to the specific heat. It is usually calculated using the following equation:
where c s is the specific heat measured at zero field, which shows superconducting transition in the present case, c s = c i p ; c n is the specific heat in the normal state measured at magnetic field greater than the critical field. In our experiment, the critical field is expected to be much bigger than the limitation of our setup (the maximum available magnetic field is of 2 T) [2] . In this case, we used an alternative strategy to estimate the electronic contribution.
First, we fitted the specific heat of the normal state, above T c for stage 22 with a function:
, and then extrapolated to temperature below T c to find c 22 n in the whole temperature range of the measurement from 2 K to 8 K. This c It has been reported in number of works [3, 4] that bulk Pb is a strong-coupling superconductor, for which the BCS model does not fit the electronic specific heat very well. H. Padamsee and coworkers have developed an extended model based on BCS theory, the so called "α-model" in 1973 [3] . In this model, they introduced a free or adjustable parameter 
with α BCS is the weak-coupling value of the gap ratio 1.764. With this free parameter α, the entropy of the superconducting electron becomes:
where f x = [exp(αt −1 (x 2 + δ 2 ) 1/2 ) + 1] −1 , t = T /T c and δ = ∆(T )/∆(0) is the reduced gap.
The specific heat of the superconducting electron is then calculated by the following equation:
C es /γT c = t(d/dt)(S es /γT c ).
In order to fit the specific heat of the superconducting electron obtained at stage 22 (c es is obtained by removal from the c 22 p the extrapolation of the normal state, which contains also the electronic contribution (γT ). Therefore to obtain the fit to our data, we have to subtract from the calculated specific heat a specific heat contribution coming from the normal electrons (γT ).
It is also known that the γ coefficient of strong-coupling superconductors like Pb is not a constant but temperature dependent [3] [4] [5] [6] . Thus, we have fitted our data (c (Jg −1 K −2 ), in good agreement with what has been observed for bulk Pb in the past [3] .
